Nanofluids consist of liquid and solid (nanoparticles), therefore, they can be classified as two-component flow, which brings up different approaches for simulation purposes. In this study, heat transfer and hydro-dynamic features of nanoparticles in a laminar nanofluid flow in a vertical tube are investigated numerically via Lagrangian and Eulerian approaches.
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Introduction
Nanofluids have shown higher heat transfer performance in comparison with conventional heat transfer fluids, therefore, they have interested by many researchers in recent years.
Nanoparticles are easily suspended in conventional heat transfer fluids (as base fluids) to produce stable nanofluids in comparison with micro-particles. On the other hand, the advantage of nanoparticles comparing to other particles is higher surface area per volume which clearly enhance heat transfer rate. In addition, random movement of ultrafine particles can be the other main reason of the heat transfer enhancement. Experimental findings explain that the heat transfer improvement by nanofluids can vary from small percentage [1] to a few times bigger than the base fluid (without particles) [2] . Some reviews of experimental work in convective laminar nanofluid flow are available in literature [3, 4] .
Wen and Ding [5] showed that nanoparticles influence heat transfer enhancement extensively in laminar flow in a tube, especially in entrance regain. They also mentioned that particle movement can be one of the main reasons for higher heat exchange.
Liu and Yu [6] found that non-uniform radial distribution of particles is mostly affected by particle migration, especially in the boundary layer region. They explained that the interaction between nanoparticles and fluid is remarkable and as a result heat transfer can be sensibly enhanced in higher Reynolds number, even in laminar flow.
Utomo et al. [7] explained that particles migration mainly caused by Brownian effects and thermophoresis has negligible impacts on increase of heat transfer characteristics.
Nanoparticles originally aim to enhance heat transfer rate by increasing the effective thermal conductivity, while the negative impacts of adding particles to fluid flow on pressure drops cannot be neglected. It has been observed that pressure drop in SiO 2 nanofluid with 5% volume fraction can exceed 10 times [8] , although small changes in friction factor have been reported for Alumina nanofluid in lower particle loading [9] .
Because of the existence of solid and liquid phases in the nanofluid flow, it can be classified as two-component flow, which brings up different approaches of multiphase flow for study purposes. Considering nanoparticles as a secondary phase in flow has been investigated by some researchers [10, 11] . The multiphase model employed in most nanofluid studies is Mixture model from Eulerian-Eulerian approach which is relied more on nanofluid thermophysical properties gained by empirical correlations. The interaction between nanoparticles 3 and liquid phases is simulated with capturing the slip velocity between particles and base flow. It is believed that Mixture model may be able to include the effects of slip velocity [12] . Also, Hwang et al. [1] explained slip velocity between fluid and nanoparticles as the strong mechanism for particle migration and flattened velocity at the centre of tube. They used mixture thermo-physical properties with considering Brownian and Thermophoresis diffusion terms. Kalteh et al. [13] employed Eulerian two-phase model to simulate laminar nanofluid in a micro-channel. They argued that the slip velocity and temperature difference between nanoparticles and base fluid is not noticeable and uniform distribution of nanoparticles in flow field is expected. Their results for heat transfer enhancement showed more than single phase model and pressure drops were barely influenced by nanoparticle loading. Lotfi et al. Lagrangian with Discrete Phase Model (DPM) which is an approach of multi-phase modelling, simulates motion equation of each particle in flow field. In the DPM the interaction between particle and fluid occurs by the forces acting on particles. The main important phenomena in heat transfer and hydrodynamic behaviour of nanoparticles in a nanofluid flow can be Brownian motion, thermophoresis force, forming a liquid layer around a particle, clustering and interaction forces [12, 15, 16, 17, 18, 19] . Jang and Chio [15] proposed a theoretical model to capture the impacts of nanoparticles on effective thermal conductivity. They stated that Brownian motion is the significant mechanism on heat transfer characteristic of nanofluid. The induced collision between nanoparticles was also found negligible in comparison with other modes of collision in nanofluid. They concluded that effective thermal conductivity caused by thin liquid layer around particle play a key role in increase of heat transfer rate, especially in smaller size of nanoparticles, shown by Yu and Choi [20] as well.
Schio et al. [18] concluded that the thermal influences of Brownian and thermophoresis diffusion on nanofluid may not be imperceptible and there is a distinct non-homogeneity in the flow.
A few studies have been done in the field of laminar nanofluid flow by DPM. He et al. [21] and Bianco et al. [22] were pioneer in modelling nanoparticles as discrete phase. The former employed the particles interaction source term only in momentum equation, but the latter 4 used both momentum and energy source terms in equations. He et al. stated that heat transfer enhancement is mainly affected by thermal conductivity and other forces like Brownian and thermophoresis have small impacts. They indicated that the heat transfer results by DPM are in good agreement with experiments. Tahir and Mital [23] carried out a numerical simulation of nanofluids in a laminar tube flow by DPM and found good results comparing to experimental data. They considered both particle momentum and energy source terms in equations and discussed only the results of heat transfer characteristics.
In this research, the abilities and weaknesses of Mixture and DPM models are discussed and compared with some experimental studies. The main advantage of DPM comparing to Mixture model is the thermo-physical properties of nanofluid which no needs to be obtained experimentally. On the other hand, lack of universal properties for nanofluids is an unsolved problem for Mixture model. Due to lack of information on dynamic behaviour of nanoparticles in flow field, it seems important to investigate the power of DPM in modelling nanofluids, as a few studies have been done in this area. Both Mixture model and DPM results are assessed with available experiments by Rea et al. [24] and Zhang [25] for three types of nanofluids consist of Alumina, Zirconia and Silica nanoparticles. Then, the results predicted by two models are compared and discussed.
Numerical simulations
Based on experimental works from literature, two different diameter sizes of vertical tubes are simulated in this study, with the same length of 1m. Rea et al. [24] [24] and SiO 2 by [25] . In all the tests, Reynolds number is below 2000 and therefore flow is laminar. Two multiphase models for simulation, namely Mixture model and DPM are described as follows.
A simple curve fitting were carried out to choose proper polynomial thermo-physical properties of water as the base fluid in this research which are available in heat transfer books and literature [26] . They are described in Table 1 with thermo-physical properties of nanoparticles. Temperature is in terms of kelvin.
Mixture model
Slip velocity between nanoparticles and base fluid is assumed small in this model and at the same time, there is a strong coupling between them. Only one momentum and one energy equation are solved for entire nanofluid mixture and each phase has its own velocity and fraction in each computational cell. More details about the governing equations of this model can be found in previous works [14, 27] . In the absence of mass exchange in the steady state flow, governing equations consist of mass, momentum and energy are derived for each phase and eventually the linear summation of these presents the final equations for Mixture model:
Mixture continuity:
Mixture conversation of momentum: 
For two components flow field, the connection between drift and slip or relative velocity is: 
The drag function 
Mixture conservation of energy:
H and m q are mixture enthalpy and heat flux due to conduction. Distribution of particle phase through continues phase is determined from volume fraction equation, simply derived from particle phase continuity with constant density:
The particle Reynolds number is defined based on relative velocity between particle and fluid phases,
where d p , ρ p and µ m are particle diameter, particle density and mixture viscosity, respectively. The key parameters in Mixture model are nanofluid thermophysical properties which are mostly employed from experimental correlations. Since the nanofluid thermo-physical properties were available [24, 25] , they are borrowed to implement in mixture properties.
Discrete Phase Model
In this model, nanoparticles are tracked as a large number of particles and all the energy or force interactions are introduced as momentum or energy source terms in the governing equations. The rest of the Navier Stokes equations are treated as usual for the base fluid.
Differential form of force balance equation is applied for a particle suspended in the flow to calculate the trajectory of the particle. 
where p t and other F  are particle motion time from one cell to the next one in Lagrangian reference frame, and the other forces acting on a particle per unit mass of the particle. Since the tube used in this study is vertical, gravity force may play a key role in particle motion, although Rea [30] noted that no sedimentation was observed in laminar force flow.
Nonetheless, nanoparticles are still able to cause pressure drops in base fluid duo to gravity without sedimentation.
Drag coefficient for smooth spherical particle is introduced as:
The constant values i a are available for a wide range of Reynolds number [31] . 
Thermophoretic force was derived from Stokes's drag force law. V T , F T and D T are thermophoretic velocity, force and coefficient, respectively. Brownian force is presented as [33] : Amount of heat transfer exchange is easily calculated from energy balance for each particle at the inlet to the outlet of a cell. This exchange will be implemented as an energy source term in continues phase energy equation. This source term is simply calculated from energy balance inside a computational cell as:
Since there is no mass exchange, particle flow rate p m  in each cell will be conserved. T are particle specific heat, particle temperature at the inlet and outlet of a cell, respectively. The exchanged heat at the surface of a particle is calculated as following to find With definition of Biot number for a particle as On the other hand, it can be explained also with the source term added to the momentum equation as: which make unreal large amount of pressure interpolated by PRESTO! scheme. From the momentum source term, the only way to overcome this problem seems to provide very small time step. Particle Lagrangian time step depends on the size of the cell that a parcel passes, smaller the size means shorter in time step. Simulation showed some improvement with very fine mesh at the entrance with PRESTO! Scheme, but the geometry requires grids with the size similar to DNS to overcome this issue completely, which is not the main goal of this study.
A nanoparticle in each parcel is representative of the entire nanoparticles on that parcel and heat transfer and motion equations are solved only for this nanoparticle and extended to 11 others. Therefore, the distribution effects of these nanoparticles on parcels in neighbourhood are not usually applied in the equations, which can be called point-particle approach. For this aim, Node based averaging method is employed to consider those influences from Lagrangian frame onto Eulerian field. Gaussian distribution function is used to interpolate the neighbouring parcel's impacts on the centroid parcel, as the following [33, 35] : number of particles in the parcel, Gaussian weight function, particle variable in the node, characteristic length of the cell, parcel location in neighbourhood and particle location, respectively. a is a constant which changes the width of Gaussian function. The number of particles in each parcel can be calculated as: [35, 36] , especially in the case of dense number of nanoparticles in each computational cell. Grid study proves that a structured mesh with higher uniformity can provides more precise results by DPM than other meshes.
However, higher number of cells is needed in modelling nanofluid by DPM comparing to other laminar single phase flow in the same geometry. The final number of grids for this study was chosen as 16 radially, 58 tangentially and 600 longitudinally (16×58×600), which shown in Figure 1 . The closets node to the wall is almost 1×10 -4 m which is less than 5% of 12 tube radius. It is noted that the simulation results achieved by this mesh and even many times more than this without Node based averaging method are not in agreement with experimentations. Boundary conditions for DPM consist of: similar uniform velocity and temperature at the inlet for both particles and base flow, particle mass flow rate at the inlet based on particle volume fraction (it is important to make sure particles are uniformly distributed at the inlet), constant heat flux over the external surface of the tube, fully developed condition at the outlet and no-slip condition at the wall of tube. It is noted that inlet conditions for particles are equivalent boundary and initial conditions for particles in Lagrangian frame. Also, wall boundary conditions differ for the particles than base flow. Two main possibilities are that they can either rebound off the wall or stick to the wall. Simulation results showed that none of the mentioned conditions happen for particles. It means that particles never reach the wall or meet the wall conditions. Mixture model B.C. is similar to base flow conditions in DPM. For particle phase with the same velocity as primary phase, the proper amount of volume fraction is assigned. 
Results and discussion
At the first step, the amount of parameter a in Gaussian distribution function needs to be chosen. Kaufmann et al. [37] successfully used a=6 in their study. Simulation results have proved that any changes in a influences mostly particles concentration field and it has small impacts on pressure drops and heat transfer coefficient. The effects of a on Alumina nanofluid with volume fraction 2.76% at the outlet of the tube can be seen in Figure 2 . It is true that the larger amount of a=6 provides higher uniformity than smaller one, but still the 13 presence of concentration gradient is obvious in all of them. Also, the same pattern of distribution can be observed for different ranges of a. More visual observations of concentration distribution for nanofluid are needed to find the optimum amount of a.
However, a=6 was chosen for all the simulations here similar to Kaufmann et al. [37] .
The importance of gravity can be seen in figure 3 . When gravity is excluded from DPM, the pressure drops predicted by simulations are close to pressure drops with pure water, while DPM predicts more than twice as pressure loss with pure water. Hence, considering no gravity in DPM may produce errors up to 200% in vertical laminar flow. It is clear that both models have provided findings in good agreement with experimental measurements. This conclusion is of importance, because empirical or theoretical correlations for thermo-physical properties of nanofluid are needed to simulate this sort of fluid in tubes.
While DPM treats each component in nanofluid as it is, and only some general correlations like interaction or diffusion forces are required. As a result, DPM can be highly recommended for laminar nanofluid flow in vertical tubes to characterize thermal features of nanofluids. (27) All the properties for Darcy-Weisbach correlation are borrowed from mixture properties presented in literatures. It has been explained that this correlation calculates pressure drops with maximum 20% error from measured data [24, 38] . Whole the simulations were carried out for volume fraction below 3% and a good agreement is observed between modelling and the correlation. DPM has shown better trend for pressure losses prediction comparing to Mixture model. The simulations were also performed for higher 3% volume fractions. The DPM results were sometimes 100% different from the correlation, especially in the case of higher velocity shown and no matter the type of nanofluid. The main differences between lower and higher volume fraction can be introduced as: first, rising the number of nanoparticles in each computational cell. The major problem here can concern to the weakness of the weight or Gaussian function to distribute the effects of particle variables to neighbouring cells. Second, the possibility of clustering and collision among nanoparticles will expand with increase in volume fraction. 
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Due to higher number of Silica nanoparticles in each parcel comparing to other two nanoparticles with the same conditions, as shown in Figure 12 , the percentage of difference for pressure drops in higher volume fraction were found much appreciable. It is noted that the number of particles are conserved in entire domain when they are solved in Lagrangian frame. It means that it is important to assign proper amount of the number of time step for nanoparticles to make sure all of the injected particles will leave the geometry model.
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Moreover, the average difference in total between simulations and Darcy equation for pressure drops was found near 12% by Mixture model and 10% by DPM. The gap between particles and models velocity is largely seen close to the wall. The flow velocity profiles predicted by Mixture model and DPM are similar, while nanoparticles velocity profile shows small slip velocity with base flow. It is noted that due to high number of particles in the flow domain, this small amount of slip velocity is able to somehow produce noticeable pressure drops. From the figures, it seems that there is velocity for particles on the wall. As previously mentioned, boundary conditions for particles differs from fluid. No-slip condition holds only for fluid due to continuum which means zero velocity for fluid at the wall. The condition for particle is associated to collision between nanoparticles and wall (continuum is not held for dispersed particles). It means that if the nanoparticles do not reach the wall, the wall boundary conditions for particles are meaningless. On the other hand, since the nanoparticles are carried properly with fluid, simulations have revealed nanoparticles never hit the wall in this study. Hence, the unreal velocity is chosen for nanoparticles at the 25 wall, which is equal to the cell velocity at the vicinity of the wall. However, this unreal velocity has no effects on modelling. Mixture model presents the same velocity and temperature profile for both phases, while DPM has shown the ability of capturing slip velocity and temperature difference between particles and liquid. The smooth parabolic profiles of fluid temperature and velocity highlight that nanoparticle migration is one of the most significant phenomena in rise of heat transfer and energy transportation.
